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Let G be a semisimple Lie group. Flensted-Jensen has for certain symmetric 
homogeneous spaces G/H given a construction of a series of irreducible unitary 
representations of G realized on f.‘(G/H). In this paper the Langlands parameters 
of most of these representations are found. For some sets of Langlands parameters 
this leads to the fact not previously known that the corresponding representations of 
G are actually unitary. 
1. INTR~OUCTION 
Let G be a connected linear semisimple noncompact Lie group. It is an 
interesting problem, which has only been solved completely in a few cases, to 
determine all unitary irreducible representations of G ([5]). In terms of 
Langlands’ classification of all irreducible admissible representations ([ 71) 
one has to determine the parameters corresponding to unitary represen- 
tations. 
Let H be a connected subgroup so that G/H becomes a semisimple 
symmetric space. If this space satisfies a certain rank condition a 
construction by Flensted-Jensen ([2]) gives a series of square integrable C”- 
functions wA on G/H, generating a series of irreducible unitary represen- 
tations of G on closed subspaces of L’(G/H). In this paper we find the 
Langlands parameters of most of this series and the lowest K-types (in the 
sense of [lo]) of all of the series. Our method is by comparing the action of 
U(g)K on wA with the results of Vogan [ 101 and Speh and Vogan [9]. 
The main application of these results is to the theory of classification of 
unitary representations. For some sets of Langlands parameters, we thus 
exhibit not previously known unitarity. In particular, for the groups 
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G = SO&‘, q), SU(p, q) and S&I, q) some of these unitary representations 
are spherkal. 
In Section 3 we review the Langlands classification and some results of 
Vogan, anl in Section 4 Flensted-Jensen’s results. Sections 5 and 6 contain 
the main -esults (Theorems 5.4 and 6.1) and in Section 7 we treat some 
examples. 
2. NOTATION 
Througt,out, Lie groups will be denoted by capital letters (G, H,...), their 
corresponding real Lie algebras by German letters with subscript 0 (go, 
$,,,...), ani the complexifications of these by German letters without 
subscripts (g, b,...). Further, U(g) will denote the universal enveloping 
algebra of g. An asterisk denotes the (real or complex) dual of a (real or 
complex) yrectorspace. When g (resp. G) acts on the space X let X8 (resp. x”) 
denote the annihilator (resp. centralizer) of g (resp. G) in X, and for L E g * 
let X’ denote the set of u E X such that av = I(u) u for all a E g. Let G, be 
the connec:ted component of the identity in G. Finite dimensional represen- 
tations of compact Lie groups will be freely identified with their highest 
weights (with respect to a given Bore1 subalgebra). 
3. THE LANGLANDS CLASSIFICATION 
Let G be a linear reductive connected Lie group, and let go = t, + p0 be a 
Cartan decomposition with corresponding involution 8. Let (e, .) be an 
invariant lbilinear form positive definite on p0 and negative definite on f, such 
that p,, ar d f, are orthogonal to each other. We use (m, .) as well for the 
various o)mplexifications, restrictions, and dualizations of (., .) without 
further co:nment. Let 6 denote the set of infinitesimal equivalence classes of 
irreducible admissible representations [ 10, Definition 2.91) of G. The 
following ‘ormulation, taken from [9], of the Langlands classification of e is 
a slight modification of the original one ([ 71). 
Let the triple (P, S, v) consist of a cuspidal parabolic subgroup P of G with 
Langlands decomposition P = MAN, a discrete series representation 6 of M 
and a u E a*. Define 
Z(6, u) = Z&6, u) = IndpG(8 @ v @ 1) (cf. [6, p. 151). 
Let A(6) denote the set of lowest K-types of Z(6, v) (in the sense of 
Definition 5.3). Each ~1 E A(6) has multiplicity one in Z(& v) ([ 10, 
Theorem : . 1 ]), and therefore there is a unique irreducible subquotient 
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J(6, v,~) =J,(P, 6, v;~) of I(S, v) containing ~1. We say that two triples 
(P, 6, v) and (P’, 6’, v’) as above are equivalent if there is an element of G 
carrying MA to MA’, 6 to 6’ (up to equivalence), and v to v’. Then the 
equivalence class of J(S, v,(u) only depends on ,u and the equivalence class of 
(P, 4 v). 
THEOREM 3.1 ([9, Theorem 2.91). Every A E 6 is equivalent to a 
JG(P, 6, v, ,u) for some P, 6, v and p as above. Further JG(P, 6, v, ,u) is 
equivalent to J&P’, 6’, v’, p’) only ly (P, 6, v) is equivalent to (P’, 6’, v’). 
(Note that it can happen that J(& v,~) = J(6, v,~‘) for different 
p, ,u’ E A (6). Vogan [ 111 has given the precise condition for this to happen, 
but we will not need it here). 
3.2. Some Results of Vogun [lo] 
Let (lj,), be a fundamental B-invariant Cartan subalgebra of go, 
t, = I), n f, A ,C (resp. A,) the root system of t, (resp. t, ,) in f (resp. g), A :, 
and A: compatible positive systems and plc = 4 Casd;, a, p, = j Casb:a. 
Let p be a K-type such that p + 2p,, is dominant for A:. Let /3, ,...,p, be an 
orthogonal set of positive imaginary roots satisfying [ 10, Proposition 4.1 (a) 
and (b)]. In particular 
01+2P~c-P17Pi)Go for i = l,..., r. (3.1) 
Let IE t T be given by 
(3.2) 
Let 6, = I, + n, be the &invariant parabolic subalgebra of g determined by 
I, = c go, n, = -T- g”. (3.3) 
aeA,.(a,&=O a.*,.a,>O 
Here, 1, is the complexification of a real subalgebra (I,), of go; let a, be a 
maximal Abelian subspace of (I,), n po. Up to conjugacy a, is spanned by 
@Jon p. and the “Cayley transforms” of /.J, ,...,& in the sense of [ 10, 
Corollary 2.61. Fix a cuspidal parabolic subgroup P, = MAN of G with split 
component A = exp a,. (Only the conjugacy class of MA is uniquely deter- 
mined by p.) Let 6, be the discrete series representation of M determined by 
[ 10, p. 551. (Only the equivalence class of 6, is determined by p.) 
THEOREM 3.3 ([lo, Theorem 1.21). The sef of representations n E G 
having p as a lowest K-type is precisely 
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Thus J,(P, 6, v, ,u) is determined up to equivalence by ~1 and v (the domain 
a for v being determined by ,u). 
Finally we need some knowledge of the U(g)K action on the lowest K-type 
p of Z(d, , v). Since p has multiplicity one this action is given by a 
homomorphism 
2”: IJ(g)K + c. 
For a e-invariant parabolic subalgebra b = I + n of g we define a 
homomorphism 
(!: U(g)K -+ U(I)L AK 
as follow< (cf. [ 10, (3.2)]): For u E U(g)K let f(ulE U(l)L”K be uniquely 
determined by u - r(u) E nU(g), and let 4: U(f)+ U(I) be the 
homomorphism extending X + X + tr(ad,X), I -+ U(1). Then 
C(u) = !ww. 
In particular we define <,: U(g)K + U(1,)“‘“” in this way. 
(3.4) 
Let L, be the connected subgroup of G with Lie algebra I, and let 
ML, = (L n K)“. Since L i is quasisplit ML,A is a Cartan subgroup of L , . 
Let y be an M,,-type occurring in the L, n K-type of highest weight 
p - 2p(n, n p), where 2p(n, n p) is the trace of the adjoint action of t, on 
n, n p. Lc :t W denote the Weyl group of A in L , , and let W, be the subgroup 
stabilizing y. Then by [ 10, Proposition 6.81 there is a map 
rf: U(I,pnK -+ U(ayY 
such that x E U(I,)L1”K acts on the L, n K-type ~1 - 2p(n, n p) in IL,@, v) 
by r~(x)(v: for all v E a *. The following proposition, due to Vogan [ 111 gives 
the requir :d knowledge of the U(g)K action on ~1. Since it is unpublished, we 
include th: proof. 
PROPOSITION 3.4. There exists u E W such that for all u E U(g)K and 
for all vE a* 
x”(u) = s(Mu>)((-Jv)* 
Proof: Suppose v is given. By [ 10, Corollary 8.71 there exists v’ E a* 
such that rl(_r,(u))(v’) =x”(u) for all u E U(g)K, and by [ 10, Lemma 8.41 
I+ v’ ant1 A + v determine the same central character. Therefore A + V’ = 
a@+ v) SX some element u of the Weyl group of A, and thus we have for 
each u E lJ(g)k 
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Of course u so far depends on v, but note now that (3.5) for fixed u is 
polynomial in v (cf. [ 10, Lemma 8.21). Since the Weyl group is finite we 
conclude that there is a single u such that (3.5) holds for all v 
simultaneously. Now the fact that a(x+ v) - 1~ a* for all v E a * implies 
that aI= 1, and hence u belongs to the Weyl group of 0, in I,. Since a 
stabilizes a it belongs to W (cf. [ 12, Proposition 1.1.3.31). I 
Remark 3.5. Let P = MAN be a minimal parabolic subgroup of G and 
let 1 be the trivial representation of M. Then the representations Z(l, v) for 
v E a* form the spherical principal series of G. Obviously, A( 1) consists only 
of the trivial K-type 0. The representations J( 1, v, 0) are precisely the 
irreducible spherical representations of G, i.e., those having a K-fixed vector. 
Note that if v equals half the sum of the roots of a in N counted with 
multiplicities, then J( 1, -v, 0) = J( 1, v, 0) is the trivial one-dimensional 
representation of G, since the constant function 1 is contained in the 
representation space of Z(1, -v). More generally by a similar argument, if y 
is a one-dimensional representation of G which is trivial on the noncompact 
part of the center of G, then y N J,(P, Y(~, v, ~1~). In particular it follows 
from Theorem 3.3 that P,,, is a minimal parabolic. 
4. FLENSTED-JENSENS SERIES OF REPRESENTATIONS 
Assume henceforth that G is connected, linear, noncompact, and 
semisimple. Let 5 be an involution of g,,, and let Ij,, (resp. q,,) be its +I (resp. 
-1) eigenspace. Let H be the analytic subgroup corresponding to So. Endow 
the corresponding symmetric space G/H with a G-invariant measure and let 
G act by left translations on C”‘(G/H) and L’(G/H). Let C”(G/H) be given 
its usual Frtchet topology. It is well known that we can assume that the 
Cartan decomposition is r-invariant. 
Assume 
rank G/H = rank K/K n H, (4.1) 
i.e., there is a maximal Abelian subspace t, of semisimple elements of q, 
satisfying t, c q, n t,. Let d, (resp. d) denote the set of roots of t in f 
(resp. g). Choose compatible positive Weyl chambers for d, and d, and let 
d: and d ’ be the corresponding sets of positive roots. Let 2p, (resp. 2~) be 
the sum of the roots in d,C (resp. d ‘) counted with multiplicities. For A E t* 
let 
Pu,=I+p-2p,Et*. (4.2) 
DEFINITION 4.1. Here If is the set of A E t* satisfying: 
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(i) VaEd:: @n,a)/(a,a)E Hf. 
(ii) If X E t and exp X = e, then pA(X) E 2iZ. 
(iii) VaEd+:(l+p,a))O. 
Note tha (i)-(ii) are equivalent to the following (cf. [4, III Sect. 31): If pu, is 
extended trivially to a Cartan subalgebra of t containing t,, then ~1~ is the 
highest F/eight (with respect to a compatible order) of a finite dimensional 
represent ation of K with a K n H-fixed vector. 
Let n (1 g be defined by n = Caed+ g”. 
THEOI.EM 4.2 (Flensted-Jensen). For each I E A there exists a function 
w* E C” (G/H) such that: 
(i) v/~ is K-finite, generating the K-type pn. 
(ii) The K-type ,u,, has multiplicity one in the representation E’ of G 
on the closed G-invariant subspace of Cm(G/H) generated by cy*, and E’ is 
indecom,>osable. 
(iii: We is a joint eigenfunction ofU(g)K. For u E U(g)K the eigenvalue 
is u& -I’ p), where u,, E U(t) is uniquely determined by 
u - u. E (b’ + n) U(g) + UkN f-7 W. (4.3) 
Proof ([2, Theorems 3.1, 6.5, and 6.71). (With slight changes of 
notation: In Flensted-Jensens notation the function should be wj,,,& with 
respect o the positive system -w,d + for A, where w. is the unique element 
of the Vleyl group of A, with woA: = -A:. Consequently, Flensted-Jensens 
pu, and .F* are the contragradient representations to ours.) 1 
Let I E A and let Et be the Harish-Chandra module of E-’ (i.e., the U(g) 
module generated by the K-finite vectors). From Theorem 4.2(ii) it follows 
that there is a unique irreducible quotient T’ of Ei containing ru.l (namely, 
T’ = E;:/Fa, where F” is the greatest submodule not containing vA). The 
action of U(g)K on p, in T’ is given by Theorem 4.2(iii), and this property 
charactl:rizes T’ as a U(g) module, since any irreducible Harish-Chandra 
module is completely determined up to infinitesimal equivalence by the 
action of U(g)x on a single one of its K-types [ 1, Theorem 9.1.121. 
THEOREM 4.3 (Flensted-Jensen, Oshima). Let L E A and ussume that 
@, a) > 0 forall aEd+. (4.4) 
Then 
(i 1 wA E L ‘(G/H), 
(ii) EA is unitary and T’ is its Harish-Chandra module. 
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Proof: Condition (ii) is an immediate consequence of (i) and Theorem 
4.2(ii). Condition (i) is proved for “large” L’s in [2, Theorem 4.81. In 
general, it is an unpublished result by Oshima (cf. [8, Theorem (ii)] which is 
stated there without proof). 1 
Remark 4.4. The unitarity of E’ is not necessary for the results of 
Sections 5 and 6. However when these results are used to exhibit new unitary 
representations as in the examples of Section 7, the unitarity of E’ is of 
course essential. 
5. THE LOWEST K-TYPES 
We prepare the notation for the results of this and the next section. Recall 
that A: (resp. A+) are compatible positive systems for the roots of t in f 
(resp. g) and that 2p, (resp. 2~) is the sum of the roots in A: (resp. A+) 
counted with multiplicities. Let (t J, be a Cartan subalgebra of 1, containing 
t,, and let A,, be its root system. Choose a positive system A:, compatible 
with A: (i.e., if a E A,, and aI, E Al, then a E A:,). 
LEMMA 5.1. The space t, is invariant under 5. 
ProoJ Let XE t,. Since [X, t] = 0 we get that [TX, t] = 0 and by 
maximality of t, therefore X - rX E t, whence sX E t, . I 
Let t, = t @ t; be the decomposition of t, into r eigenspaces, and let Ai, = 
(aEA,,Ja(,=O}. Then Ai, is a root system and Ai: =A{,nA& defines a 
positive system for AI,. Let 2p,, (resp. 2&) be the sum of the roots in A:, 
(resp. A;:). 
LEMMA 5.2. PJ, =pc andp,,l,; =&It;. 
ProoJ The first equality follows from compatibility. For a E t: define 
ra E tf by ra=a o 5. Then r(AIJ=A,, and r(A:C\p~C)= -A:,&LI;~ while 
s(A;,+) = A;:. This gives the second equality. 1 
Define a fundamental Cartan subalgebra 6, of g by 4, = 9” (cf. [ 10, 
Lemma 2.21). Subalgebra lo, is r-invariant by Lemma 5.1. Let A, be the root 
system for Q1 and let Ai = {a E A, I a(*= O}. Choose a positive system A;’ 
for Ai such that pi, is dominant, and define the positive system A: for A, by 
A:=AI+U(aEA,Ial,EA’}. (5.1) 
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Let 2p, (resp. 2~;) be the sum of the roots in A : (resp. A{ + ). In analogy 
with Lemma 5.2 we have 
Ptlt=P and ~,lt;+(g,n,,) =P:It;+(b,np)* (5.2) 
Let I, = g , and L = G’. Now L is a closed subgroup of G with Lie algebra I, 
and it is :11so connected since K’ is connected and L = K’ exp p;. Note that 
1 = $‘@ t by maximality of t in q, and that Ai (resp. A;,) is the root system 
of 9, (res 1. t ,) in I (resp. I n t). Recall that n = xasA+ g” and observe that 
I+ II is a e-invariant parabolic subalgebra of g with Levi decomposition as 
indicated. 
Recall ..he definition of a lowest K-type (cf. [lo]). Let 11 (1 denote the norm 
on t? determined by (., . ). Let X be a Harish-Chandra module for g. 
DEFINI’rION 5.3. A K-type p is called a lowest K type of X if ~1 occurs in 
X and 11~ + 2p,,ll < I(y + 2p,,(l for all K types y occurring in X. 
The m;.in result of this section is 
THEOR!M 5.4. p, is a lowest K-type of T” for all 1 E A, and Ta has no 
other low, ?st K-types. 
Flenstei-Jensen [2, Theorem 6.51 proved that among all the K-types P of 
r, having a K n H-fixed vector, P,~ is the one for which 11~ + 2p,II is 
smallest. rheorem 5.4 is an improvement of this result. 
Before the proof of Theorem 5.4 we state and prove some lemmas. Let 
1 E A and extend pu, E t * to an element of I* being 0 on b’. 
LEMMP 5.5. There is a l-dimensional representation of L whose 
d@erenticd is p., . 
ProoJ Let T (resp. T{, T,) be the connected subgroup of G with Lie 
algebra t, (resp. (t ;)O, (t ,)O). Since L is connected we have L = (H’), T. Since 
(H’), n 2’ is central in (H’), and T; is a Cartan subgroup of (H’), n K we get 
(H’), n 7’= T; n T. Since erA is well defined on T, by Definition 4.l(ii) and 
p* 1 t; = 0, e’” is trivial on T; n T. From this the lemma follows. 1 
Let 2p(n n p) be the l-dimensional representation of 1 n t (resp. L n K) 
which is the trace (resp. determinant) of the adjoint action on n n p. Note 
that if a E t ;” is a weight of t 1 in n n p, then -ra is also a weight of t, in 
nnp s.nce -ra Jt = a It E A +\d:. Therefore -r(2p(n n p)) = 2p(n r-7 p), 
whence ZP(n n p)l,; = 0. By the same argument as that of Lemma 5.5 there is 
a 1-dimensional representation of L extending 2p(n n p). 
Let y.& be the’ l-dimensional L-module whose differential is 
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pu, - 2p(n n p). Define G: U(I) + Cc as follows: For x E U(1) let x, E U(t) be 
determined by x - x, E b’U(l) = U(1) b’, and let 
t(x) = x,h - w n P>>. (5.3) 
Let r: U(g)K -+ U(Iy be the map defined by (3.4). It is easy to verify that 
for u E U(g)K 
CA(@)) = UOo1A + 2&h (5.4) 
where u0 E U(1) is the element determined by (4.3), i.e., 
WA = LW)) w.1. (5.5) 
In the notation of [9, p. 2471, we may conclude 
LEMMA 5.6. T” N X(1 + n, V,, p,J. 
By [9, Proposition 4.131 we get 
LEMMA 5.7. Every K-type p of T., has the form 
P =I, + Q, (5.6) 
where Q is a sum of roots oft, in I + n. 
Proof of Theorem 5.4. Assume ,u is given by (5.6) with Q # 0. We must 
prove 
IIP + @,,I1 > IIPU, + %ll* (5.7) 
By Lemma 5.2 we get 
IIP + 2P,,l12 = IbIt+ 2Pcl12 + IM; + 2P1,112 (5.8) 
and 
IIPA + @,,I2 = IIP, + 2P,l12 + II 2PI,l12. 
Since p is dominant for A:, and Ai,f c A:, 
lIPIt; + WI2 a ll@Icl12 
with equality if and only if QI,; = 0. On the other hand 
II/4 + WI* = IIPA + @Al* + WA + 2~,9 Ql3 + IlQl,ll’ 
(5.9) 
(5.10) 
(5.11) 
and by 4.l(iii) @A + 2p,, QIJ > 0. Equations (5.8)-(5.11) imply (5.7). 1 
580150/2-2 
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6. THE LANGLANDS DATA OF TA FOR LARGE 1 
Let a, te a maximal Abelain subspace of I, n pO, and let P, = MLANL be 
an associated minimal parabolic subgroup of L. Let IQ, E a,* be half the sum 
of the roots of a, in NL counted with multiplicities. Let P, = MGANG be a 
cuspidal pnrabolic subgroup of G with A as its split component. 
THEOREM 6.1. There is a constant C > 0 such that if n E A and 
(a,1)> C foreach aEd+, (6.1) 
then 
(i) P, = PUA (more precisely, P, is contained in the associate class of 
cuspidal p zrabolic subgroups determined by pA). 
(ii) Ta = JG(P,, S,,.l, vo, pa>. 
Remark 6.2. Taking C = 0 in (6.1) the statement would be false in 
general as Example 7.5 shows. 
Let k=max(dB,2pI,-pl)lPEd,}. 
Remark 6.3. As the proof of Theorem 6.1 will show, C = (1 + i dim a) k 
is adequate in (6.1). When considering a specific symmetric space though, it 
will be more profitable to determine from Lemmas 6.5 and 6.7 those A for 
which the theorem holds. 
The prcof of Theorem 6.1 consists of the following four lemmas. 
LEMMA 6.4. Suppose L E t* and 
VaEd+:(a,I)>k. (6.2) 
Then 
VPEA:\p:+: 01,4 + ZP,,-P,,P) > 0. (6.3) 
Proof. The proof is immediate from (4.2), Lemma 5.2 and Eq. (5.2). I 
LEMMA 6.5. Suppose A E A satisfies (6.3). Then Theorem 6.1(i) is true. 
Proof. First note that 
WEA::01,+2~,,,/3)>0. (6.4) 
This follows for /3 E A :\p ;+ from (6.3) and for /I E Ai + from the choice of 
Ai ’ such that pi, is dominant. The inequality (6.4) ensures that A: is a 
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positive system which allows us to use the results of Section 3.2 on the K- 
type p,. From (3.1) we get an orthogonal set of roots 
satisfying (Ji,,uA + 2p,, - p,) < 0. 
BY (6.3), &,...,I$ are contained in Ai. Note that /?, ,...,& also satisfy [ 10, 
Proposition 4.1 (a) and (b)] for the trivial L n K-type and the root system Ai 
of I. By Remark 3.5 hr n p and the Cayley transforms of p, ,..., /I, span the 
split part of a minimal parabolic subgroup of L, i.e., some conjugate of a. 
Then the lemma follows from the definition of PwA. 1 
Following Section 3.2 for p =pA, let 1 be given by (3.2). 
LEMMA 6.6. Suppose 1 E A and 
Va~d+: (a,,l)> (1 +jr)k. (6.5) 
Then 
(6.6) 
Proof: From (3.2) it follows that 
(6.7) 
Since 2(a, y)/(y, y) < 3 for all roots a, y in any root system, (6.5) and (6.7) 
imply (6.6). I 
LEMMA 6.7. Suppose 1 E A satisfies (6.3) and (6.6). Then Theorem 
6.1 (ii) is true. 
ProoJ: Still following Section 3.2 let b, be the e-invariant parabolic 
subgroup of g given by (3.3). 
From (6.6) we get 
I, cl and n, = n @ (I n n,). (6-V 
Indeed I, + (n, n I) is the &invariant parabolic subgroup of I associated to 
the trivial L n K-type by Section 3.2. Let x”: U(g)” + C be the 
homomorphism determining the action of U(g)K on the K-type ~1~ of 
I&P,, a,,, v). By (5.3) we have to prove that 
x”O = (A 0 (. (6.9) 
We use Proposition 3.4 to determine xv. Recall that y is an ML,-type 
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occurring in the L, n K-type of highest weight p, - 2p(n, n p). By (6.8) this 
L, n K-t} pe is trivial on the semisimple part of L, n K, whence W,= W. 
Therefore u can be left out in Proposition 3.4, and we get 
vu E U(gJK: x”(U) = rlK(u))(v). (6.10) 
On the o .her hand we can give a similar description of [A on U(l)LnK as 
follows: Icecall that by (5.3) t is precisely the homomorphism U(1) -+ C 
determini:ig the action of U(1) on VA. Let 6 E &lL be the restriction of the 
L n K-tylle p, - 2p(n n p) to ML. Combining Remark 3.5 with the 
definition of VA we have 
Therefore, we can use Proposition 3.4 to describe [A as well. Note that by 
(6.8) I, t (n, n I) is the parabolic subalgebra of I associated to the L n K 
type p1 - 2p(n n p). Let &: U(I)LnK + U(l,)“l nK be defined as in (3.4). By 
(6.8) 
@, - 2p(n f-7 P)) - W n n, n P) =k - 2dn, n P) 
and therefore the q appearing in Proposition 3.4 for [A is the same as that 
above. Also, by the same argument as before we can leave out u, whence 
vx E U(l)L”K: CA(X) = rlG(X))(~o)* (6.12) 
To finish the proof of (6.9) we need only remark that & 0 < = <, . fl 
Reman: 6.8. Lemmas 6.4-6.6 are contained in the proof of [9, Lemma 
4.101. Wt: could give a shorter proof of Lemma 6.7 by referring to the proof 
of [9, Preposition 4.131, but this would, however, not provided as precise a 
result about which 1’s allow the conclusion of the theorem to hold. This is 
important for the applications. 
Remar, c 6.9. In some cases where (6.3) and (6.6) are not satisfied we 
can still letermine the Langlands parameters of TA from the knowledge of 
the lowes : K-type (Theorem 5.4) and the infinitesimal character ([2, (6.17)]). 
This somztimes happens to be enough to determine v (cf. Example 7.5). 
Remar.i 6.10. Suppose that rank G = rank K and that Ai =0. Then 
k = 0 ant we can use C = 0 in Theorem 6.1. The theorem then says that the 
TA’s are discrete series representations of G. Thus [2, Theorem 7.141 is a 
special ci .se of Theorem 6.1. 
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7. EXAMPLES 
EXAMPLE 7.1. Let G/H = SO&, q)/SO(m) x SO,( p - m, q), where 
0 < m <p/2, p, q > 0. This symmetric space satisfies the rank condition 
(4.1), the rank being m. For simplicity assume that p and q are even: p = 2r, 
q = 2s. We can choose coordinates e, ,..., erts on t, such that 
A,=(fe,fejl l<i<j<r+S}, 
A,,=(fe,fejI l<i<j<rorr<i<j<r+s), 
A=A,={fe,fe,,fe,~1~i<j~m,l~I~m}. 
The multiplicity of fe, in A (resp. A,) is 2(r + s - m) (resp. 2(r - m)), and 
thatof*e,*e,is linbothAandA,.TakeA~={ei~ej,e,~l<i<j<m, 
1 < I< m) and A+ = A:. If m < r this is the only possible choice of A+ 
compatible with A:. If m = r there is one more possibility, namely, choosing 
-e,EA’ instead of e,EA’. 
With I = (a, + r-s - l,..., a, + r - s - m) on t we have p.l = (a, ,..., a,). 
The conditions for 3, E A are 
a, 2 *a* >a,>O, where u, ,..., a, E Z (7.1) 
and 
(-l)al = . . . = (-l)am, 
Condition (4.4) for wA E L’(G/H) is 
a,>s-r+m (7.2) 
(when m = r, a, should be replaced by lamI in (7.1) and (7.2), the sign of a, 
being determined by the choice of A ’ ). Let A :, = (ei f ej 1 1 < i < j < r or 
r<i<j,<r+s},then 
plc = (r - 1, r - 2 ,..., 0, s - 1, s - 2 ,..., 0). 
Assume first that m < r - s. Then (7.2) is satisfied for all L E A. Choosing 
A: as in (5.1) we get 
p, = (r + s - 1, r + s - 2 ,..., 2s, 2s - 1, 2s - 3 ,..., 3, 1,2s - 2, 2s - 4 ,..., 2,0). 
Then pA + 2~ 1c -p,=(u,+r-s- l,..., a,+r - s - m, r - s - m - l,..., 1, 0, 
-l,..., -1, O,..., 0) and it follows from Lemmas 6.5 and 6.7 that we can take 
C = 0 in Theorem 6.1 in this case. 
We have L = SO,(p - 2m, q) x Tm, and since q <p - 2m P, is a 
minimal parabolic subgroup of G. Let f, ,...,f, be coordinates on a such that 
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the roots of a in N, are (A +f,,f, ] 1 < i <j < q, 1 Q I< q}. With respect to 
these coordinates we get 
u = (r - M + s - I,..., r - m - s). (7.3) 
Thus the irreducible representations with lowest K-type ~1~ for I E A and 
with v given by (7.3) are unitary. Assume now that r - s < m < r. 
Similar computations show that (6.3) and (6.6) are satisfied when 
a, > 2(s -- m - r). In this case dim a = 2(r - m). Choosing coordinates 
J-1 Y.,f*(r- n) on a similar to those above, we get 
v = (s + r - m - l,..., s - r + m). (7.4) 
Similar results can be derived for p and/or q odd. We have hereby indicated 
the proof of 
THEORIZM 7.2. Let G = SO,(p, q) (p, q > 0) and let p be a K-type of the 
form (w.r t. coordinates as above) 
P = (a , ,**-, a,, O,..., O), 
where O<m&pf2, a,>...>a,,,>O (if m=p/2:a,>,...>ja,,,l>O) 
a ,,..., a, c. Z and (-1)” = . . . = (-l)=‘“. 
Let P, = MAN be the cuspidal parabolic and 6, E I@~ the discrete series 
represents tion associated to ,u by Vogun [lo] (cf: Section 3.2). Let k = dim a, 
and choose coordinates on a as above. Let v = (((p + q)/2) - m - l,..., 
((p + q)/::) - m -k) E a*. 
(1) Ifm < (P-W, or ty m = (p - q)/2 and a,,, > 0, then k = q, P, 
is minima! and J(S,, v, ,u) is unitary. 
(2) Ifm > (p - q)/2 and a, > 2m -p + q, or ifm =p/2 and Ja,l > q, 
then k = !I- 2m and J(S, , v, ,u) is unitary. 
In each case J(6,, v, p) can be realized on a closed subspace of L ‘(G/H) for 
H = SO(l;t) x SO,(p - m, q). 
COROLl.ARY 7.3. The spherical representations of SO,(p, q) (p 2 q) 
with pc rameter v = (((p + q)/2) - m - l,..., ((p - q)/2) - m), where 
0 < m < (p - q)/2 (with respect to the coordinates on a as above) are 
unitary. (‘The case m = 0 corresponds to the trivial representation.) 
Figure 1 shows the unitary spherical representations of SO,(9,2) resulting 
from the corollary, represented by x’s, together with some found by 
Guillemorlat [3], depicted by the shaded region. Only one Weyl chamber is 
shown. 
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I (m=o) 
- (m=l) 
* (m=2) 
1 
FIGURE 1 
Remark 7.4. More unitary representations of SO,(p, q) can be derived 
from G/H = SO,(p, q)/SO,(m, k) x SO,(p - m, q - k) with m <p/2 and 
0 < k < q/2. In this case L = Tm+” x SO,(p - 2m, q - 2k). None of these 
representations will be spherical. 
EXAMPLE 7.5. To give an example where (6.3) and (6.6) fail, consider 
s = 3, r = m in Example 7.1, i.e., 
G/H = SO,(2r, 6)/SO(r) X SO&, 6). 
By Theorem 6.1 we know the Langlands parameters of TA if 1 a, I> 6, but by 
Theorem 4.3 F’ is unitary for la,1 > 3. Assume a, = 4. Then 
pa+@,,-p,=(a,+r-4 ,..., a,-, - 2, 1,2, 1,O). Following Section 3.2 we 
get p, = e, - e,., , and 
I= (a, + r - 4 ,..., a,-, - 2,$, j, 1,O). 
The parabolic PuA has split rank 1, but on the other hand L = SO(6) x T’ 
is compact. This shows that Theorem 6.1(i) fails in this case. 
Using the infinitesimal character of T’ given by [2, (6.7)] we can still 
determine the Langlands parameter v of TA: Let s E Cc be determined so that 
u is s times the Cayley transform of /3,. By [ 10, Lemma 8.41 the infinitesimal 
character of T* is 
I+ s/l, = (a, + r - 4 ,..., a,-, - 2, j + s, 4 - s, 1,O). 
By [2, (6.17)] it is (a, + r-4 ,..., a,-, - 2, 1, -2, -1,O). Modulo the Weyl 
group of A, these two elements of tf must coincide, therefore s = f f . This 
determines v since 1(6,, , v) N 1(6,, , -v) in this case. If a, = 5 wd can do the 
same investigation. The result is that P,, has split rank 1 and v = 0. 
EXAMPLE 7.6. Results similar to those of Theorem 7.2 can be derived 
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for the groups SU(p, q) and Sp(p, q). We leave the details to the reader, but 
quote the results. 
THEOREM 7.7. Let G = SU(p, q), (p, q) 2 1, and represent the root 
systems o’ g and f as A,=(f(ei-ej)I1<i<j<p+q) and AIC= 
(k(ei-ej)I1<i<j<p or p<i<j<p+q}. Let A:,={et-ejI1<i< 
j<porp:i<j<p+q}andletpbeaK-typeoftheform 
where 0 < m <p/2, a, > . . . > a,,, > 0 and a, ,..., a,,, E Z. Let P, = MAN be 
the cuspiLa1 parabolic and 6, E tid the discrete series representation 
associated to p by Vegan [lo] (cf: Section 3.2). Let k = dim a, and choose 
coordinate:! f, ,..., fk on a such that the roots of a in N are 
(f(.fi*&),ffr,frI l<i<j<k l<l<kl. (7.5) 
Let v = +(,I + q - 2m - l,..., p + q - 2m + 1 - 2k) E a*. 
(1) .y m < (p - q)/2, then k = q, P, is minimal, and J(S, , v, ,u) is 
unitary. 
(2) 7 m > (P-4)/2 and a,>2m-pi-q, then k=p-2m and 
J(S,, v, ,u) ‘s unitary. 
In each case J(S, , v, p) can be realized on a closed subspace of L *(G/H) 
for H = S( U(m) x U(p - m, 4)). 
COROLL \RY 7.8. The spherical representations of SU(p, q) (p 2 q) with 
parameter v=(p+q-2m- l,...,p-q-2m+ 1) (O<m<(p-q)/2) 
(with respect to the coordinates on a as above) are unitary. 
THEOREM 7.9. Let G = Sp(p, q), (p, q > l), and represent the root 
systems of g and f as 
andA,,={f2e,,It(ei*e,)11<i<j<porp<i<j<p+q, l<l<p+q}. 
Let A:,=(2e,,ei*ejI l<i<j<p orp<i<j<p+q, l<l<p+q) and 
let p be a V-type of the form 
P = $J af(e*i-* + e*i), 
i=I 
where O<m<p/2, al>...>a,,,>O and a,,...,a,EZ. Let P,=MAN be 
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the cuspidai parabolic and 6, E I$?~ the discrete series representation 
associated to p by Vogan [lo] (cJ: Section 3.2). Let k = dim a, and choose 
coordinates f, ,..., fk on a such that the roots of a in N are given by (7.5). Let 
v=(p+q-2m-&...,p+q-2m-2k+$)Ea*. 
(1) If m < (p - q)/2, then k = q, P, is minimal and J(S,, v, p) is 
unitary. 
(2) Zfm>(p-q)/2 and a,>2q-2p+4m, then k=p-2m and 
J(S, , v, p) is initary. 
In each case J(6,, v, p) can be realized on a closed subspace of L’(G/H) 
for H = Sp(m) X Sp(p - m, q). 
COROLLARY 7.10. The spherical reprresentations of Sp(p, q) (p > q) 
with parameter v = (p + q - 2m - $,...,p - q - 2m + 3) (0 < m < (p - q)/2) 
(with respect to the coordinates on a as above) are unitary. 
Remark 7.11. For G = SO,(n, l), SU(n, l), Sp(n, l), SO,(3,2), and 
SU(2,2) Theorems 7.2, 7.7, and 7.9 (except for the statements about 
realization on L*(G/H)) and the corresponding corollaries are of course 
contained in the known classifications (cf. [5, References]). For 
G = SU(p, 2) the representations of Corollary 7.8 and some of those of 
Theorem 7.7 are contained in [5, Theorem 3.4). 
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